We present the low-energy effective theory on long strings in quantum field theory, including a streamlined review of previous literature on the subject. Such long strings can appear in the form of solitonic strings, as in the 4d Abelian Higgs model, or in the form of confining strings, as in Yang-Mills theories. The bottom line is that upon expanding in powers of 1/L the energy levels of long (closed) strings (where L is the length of the string), all the terms up to (and including) order 1/L 5 are universal. We argue that for excited strings in D > 3 space-time dimensions there is a universal deviation at order 1/L 5 from the naive formula that is usually used to fit lattice results. For D = 3 this naive formula is valid even at order 1/L 5 . At order 1/L 7 non-universal terms generically appear in all cases. We explain the physical origin of these results, and illuminate them in three different formulations of the effective action of long strings (the relationships among which we partly clarify). In addition, we corroborate these results by an explicit computation of the effective action on long strings in confining theories which have a gravitational dual. These predictions can be tested by precise simulations of 4d Yang-Mills theory on the lattice.
Introduction and Summary of Results
Many quantum field theories admit long, stable, string-like objects. For example, this occurs in the 4d Abelian Higgs model (with its perturbative Abrikosov-Nielsen-Olesen strings) and also in 3d and 4d pure Yang-Mills theories (with their non-perturbative confining strings). Domain walls in 3d quantum field theories (such as the Ising model) are another example. The purpose of this work is to summarize the universal properties of these long strings. For simplicity, we will restrict ourselves to theories that have a mass gap in the bulk. This is true in particular in the Abelian Higgs model and in Yang-Mills theory. operators on the string worldsheet; see e.g. [3, 4] .)
We will assume that there are no other excitations on the world-sheet besides these (D − 2) Nambu-Goldstone bosons. 3 One can then consistently describe a low-energy effective action that includes only these NGBs [13] , up to the mass of the lightest massive 1 Our discussion holds for any stable string; it is independent of taking any large N limit in the field theory. In the large N limit of non-Abelian gauge theories we expect the interactions between confining strings to become small, but this is irrelevant for the low energy effective actions we discuss. This is because there is an energy gap to creating additional strings on top of the long string we are considering.
2 This is true in classical physics. Quantum mechanically, since the string worldsheet theory is 1 + 1 dimensional, there is not really a ground state of the string with broken symmetry [1, 2] ; the wavefunction of the string will always spread out in the transverse directions (unless its edges are fixed), and the actual eigenstates of the Hamiltonian have fixed transverse momentum rather than fixed transverse position. We can ignore this issue in our analysis (as in fundamental string theory), going to transverse-momentum-space only in the end when we compute the energy levels. 3 This will generically be true, unless there are additional symmetries in the problem. There are fascinating realizations of physical systems admitting more complicated theories on the worldsheet.
Some of the well-known examples come from supersymmetric QCD-like theories, see [5, 6, 7] , the reviews [8, 9, 10] , and references therein. For more recent works on the subject see, for example, [11, 12] . It would be interesting to generalize the present analysis to such theories.
states on the string worldsheet or in the bulk, or of the typical energy scale of the string (which is the square root of the string tension). For example, we can prepare waves of these NGBs (i.e. wrinkles of the string) and scatter them. This is described at low enough energies using this "effective string action." We can also consider strings of finite (but very large in units of the inverse mass scale of the problem) length and ask about the total energy of the ground state, and the energies of excited states. These are well defined when the long finite string is stable; it could be, for instance, a long string wrapping a circle of circumference L, or an open string stretched between two end-points at distance L.
In the last few years there has been dramatic progress (see e.g. [14] [15] [16] [17] , and the review [18] for a more complete list of references) in measuring the energies of various states of such strings via lattice simulations. This is the main motivation for our work. Given a closed string of length L, with tension T , in the n'th excited state of the universal massless modes on the worldsheet, 4 the energy of a state with zero transverse momentum assumes the general form (expanding around large L)
The lattice techniques allow a precise determination of the coefficient a
0 , and in some theories (mostly in 3d) higher coefficients for the ground state and excited states were also measured. The measured leading coefficients in the large L expansion seem to be model independent (they agree in all the theories simulated on the lattice so far). A simple ansatz
for the energies of closed string states with no longitudinal momentum seems to fit very well all the currently known results (at least within the range of convergence of the expansion in powers of 1/L). The formula (1.2) is motivated by a naive light-cone quantization [19] of the simplest effective action of a long string, the Nambu-Goto action (which is just T times the induced area of the worldsheet). 4 The energies of all these states approach the classical energy of the string, T L, in the large L limit. In general, there could be also other excited states of the string, that are separated by a gap from T L as L → ∞; for instance, they can be related to massive particles on the string worldsheet. We do not discuss these states here.
We would like to understand to what extent (1.2) can be justified on theoretical grounds, and in particular, we would like to find at what order in the expansion in 1/L the first deviations from this ansatz should take place, if at all.
In some cases the effective string action can be computed analytically. This is the case for strings in weakly coupled field theories like the Abelian Higgs model [20] [21] [22] [23] [24] [25] , and for strings in weakly curved holographic backgrounds [26] . But generally (in particular in Yang-Mills theories) it is not known how to compute the effective string action directly, so it is useful to understand which terms in this action are universal (and, thus, can be theoretically predicted) and which terms are not (and, thus, measuring them teaches us about the underlying field theory).
This paper is based mostly on work reported in [27] , but our presentation attempts to streamline and clarify it, and also to incorporate the results of various later publications such as [28] [29] [30] [31] [32] , and notably [33] . Therefore, we hope that this work can also serve as a review of the subject. .) The precise form of the energy levels of excited states at order 1/L 5 was given in [31] ; for example, the deviation from (1.2) for the first closed string excited states (with one left-moving and one right-moving excitation on the worldsheet) is given by ∆E 1,1 = 4π
where α depends on the SO(D − 2)-representation of the state; α = D − 3 for the singlet, n are expected to be model dependent. It would be fascinating to verify these claims on the lattice. This requires precision measurements of the energies of excited states of strings for D ≥ 4, which are technically challenging but should hopefully be possible in the near future.
For D = 3 there are no deviations from (1.2) at the order 1/L 5 . This prediction should be verifiable on the lattice. We do expect deviations at higher orders, but we do not see any reason for them to be universal.
We focus on the computation of the energy levels, but there are also other universal properties of long strings, such as the fluctuation-induced width of open strings, which (for large L) can also be computed using the same effective string actions that we use here (for recent results see [39] [40] [41] ). The effective action can also be used to study energy levels of high-spin mesons (with or without heavy quarks at the end), but we will not discuss this
here.
The main tool we use is effective field theory. Since there is a gap for particles to go into the bulk, the low energy description should be that of the Nambu-Goldstone bosons 1) ), living in a two-dimensional space-time. There are various ways to present this theory, and we will discuss three different presentations in detail in this paper. In all these presentations we find that the leading order terms in the effective action (and, thus, also in the energy levels) are universal, while higher order terms are not. A priori it is not obvious that all these formalisms are identical, but at the end of the paper we present an argument showing that they can all be formally derived from the same underlying (string) theory, and thus they are equivalent (at least when some subset of non-universal couplings is involved).
The first formalism stems from the fact that there are no preferred coordinates on the worldsheet of a string-like object in a field theory. The idea is to keep this manifest by writing effective actions that are coordinate-reparameterization invariant. This formalism is not very useful for computations, but it is useful for understanding the general structure of the effective action. This formalism enjoys some gauge redundancy, and it is not manifestly unitary.
A second formalism 26] assumes that the string spans the coordinates x 0 , x 1 (for long strings we can limit ourselves to such configurations, at least locally). The massless fields on the worldsheet can then be chosen to be
describe physical displacements of the string into the directions x i , and they are the only degrees of freedom in this formalism; they are NGBs for the broken translation symmetries. The effective field theory
inherits from the space-time theory the shift symmetry X i → X i + const. Therefore, the Lagrangian density only depends on derivatives of X i . In addition, there is a nonlinear symmetry following from the fact that we can rotate or boost the string in the i'th direction.
We call this manifestly unitary formalism the "static gauge" or "unitary gauge" formalism interchangeably; it can be thought of as a specific gauge-fixing of the reparameterizationinvariant formalism. This formalism is useful for computations, and it makes many of the properties of the theory manifest, but other properties (like Lorentz invariance in spacetime) are obscured.
A third formalism, first suggested by Polchinski and Strominger in [44] , is to not commit on where the string sits, and to write an effective action for all the coordinates
. However, one does not insist on reparameterization invariance of σ 0 , σ 1 . Instead, one insists on a symmetry under conformal transformations of the world-sheet, and in addition imposes algebraic constraints (similar to the Virasoro constraints in string theory). This theory is not manifestly unitary. We refer to this formalism as the PS formalism. It is not clear how to directly derive this formalism from a gauge-fixing of the reparameterization-invariant formalism, but it passes many consistency checks and agrees with our results in all cases we checked; at the end of our paper we present an argument for the equivalence of this formalism to the other formalisms we discuss (at least up to the order we work in). Because one has to work with a constrained set of variables, the quantization in this formalism is usually more complicated, and various facts that are easily visible in the other approaches are implicit in the PS formalism and, indeed, were not appreciated for a long time. The fact that the unitary formalism makes some of the salient (and measurable) properties of the string manifest, is another motivation for us to revisit this problem of effective string theory.
Various other formalisms have also been used in the literature to study effective strings (see [45] [46] [47] [48] [49] [50] [51] and references therein), but we will not discuss them here.
In this paper we discuss energy levels purely within the 1/L expansion. As can be seen, for instance, from the Taylor expansion of (1.2), this expansion is good only for converge. An interesting possible explanation for this was recently given in [52] . They suggested a new method to compute the energy levels, by first computing the worldsheet S-matrix perturbatively in the derivative expansion using the effective action approach, and then using a Bethe ansatz-type approach to compute the energy levels, and they In section 5 we review the PS formalism, and argue for its compatibility with the other formalisms.
Lagrangians for the Confining String
Consider the worldsheet of a closed string-like object (for instance a flux tube) in D dimensions; this is some two-dimensional manifold M. The string lives in a D-dimensional space-time with a flat metric. It can thus be described by a mapping
. We assume that any other degrees of freedom on the string worldsheet, including any excitations of the transverse shape of the string, are massive and can be integrated out in the low-energy effective action. The symmetry principles for the effective action S[X µ ] are Poincaré invariance acting on X µ , and independence of the coordinates chosen on M. In the low-energy effective action we may assume that M is smooth. Note that the space-time IR D has a natural metric associated to it (the flat metric), while the string world-sheet M is not equipped with an inherent metric. Before attempting to write actions satisfying all these properties, we recall some elementary concepts from embedded geometry.
Embedded Surfaces
In this subsection, to simplify the discussion, we imagine that all the manifolds are Euclidean. Translation invariance in space-time immediately implies that we should only consider terms in the effective action where X µ appears with derivatives. There are several natural geometric objects to consider. First of all, a metric on M is induced from the flat
This is ISO(D − 1, 1)-invariant, and transforms under reparameterizations of M like a two-dimensional metric. h ab is sometimes referred to as the first fundamental form.
In addition to the induced metric, we need to consider another object. At every point on the worldsheet we have two tangent vectors ∂ a X µ (a = 0, 1), and D − 2 vectors orthogonal to them. We can choose an orthonormal basis for these vectors, n µ A with A = 2, · · · , D − 1. Define a covariant derivative with respect to h ab , ∇, and differentiate both sides of (2.1). We find that ∇ c ∂ a X µ is orthogonal to the tangent space of M. Hence, there are functions Ω ac;A such that
Ω is called the second fundamental form. It is manifestly symmetric in a, c. A certain quadratic in the second fundamental form reduces to the Riemann tensor via the equation of Gauss and Codazzi
Additionally, we can study derivatives of the normals n µ A . We define
Orthonormality, n A · n B = δ AB , implies that µ is anti-symmetric µ AB;a = −µ BA;a . Note that µ AB;a is non-trivial only for D > 3. We can use (2.4) to expand ∂ a n µ A in the basis
As we remarked above, in three dimensions the last term is absent and thus the derivative of the normal can be expressed in terms of the first and second fundamental forms.
Let us discuss the transformation laws under change of basis of the normal bundle.
We can perform an arbitrary orthogonal SO(D − 2) transformation (that depends on the point on M) of the normals. The normals themselves, and the second fundamental form, transform homogeneously. However, the transformation law of µ AB;a is
with S ∈ SO(D − 2). Thus, µ transforms as a connection of the normal bundle.
For our purposes, objects which are invariant under the structure group of the normal bundle, SO(D − 2), can be expressed using derivatives of the tangent vector fields. Hence, they are expressible using the first and second fundamental forms and their derivatives.
We can define covariant derivatives using the connection (2.6). We denote this covariant derivative by ∇. For the normal vectors we get (using (2.5))
( ∇ a n)
Hence, the covariant derivatives of the normals can be expressed using the tangent vectors, and the first and second fundamental forms. Another example is the field strength of the connection (2.6), which one can easily compute to be
This field strength transforms homogeneously under coordinate transformations and under reparameterizations of the tangent bundle. We see that it is also expressible in terms of the first and second fundamental forms, which both depend only on the tangent vector fields.
Thus, when writing actions, one loses nothing by considering only the tangent vectors and their derivatives.
Reparameterization-Invariant Lagrangians
We now apply what we have learned in the previous subsection, and write invariant Lagrangians. Effective actions are organized in terms of a derivative expansion. Here the natural assignment is that the induced metric h carries weight zero, and any additional derivative carries weight one. Hence, the second fundamental form carries weight one. 6 What we call "weight" in this paper was called "twist" in some previous papers on this topic.
At weight 0 there is a unique admissible action, known as the Nambu-Goto (NG) action
where h ≡ det(h ab ). This measures the area swept out by the world-sheet in space-time.
We assume that our string has a non-zero tension, T , so this will always be the leading term in our low-energy expansion. The equation of motion of (2.9) can be nicely written with the first and second fundamental forms as
Indeed, the equation of motion of X µ gives X µ = 0, which, according to (2.2), is equivalent to (2.10).
We need to understand the higher-weight corrections to (2.9). Obviously there are no corrections of weight one, so we immediately jump to weight two. The only possible local terms of weight two are
Using (2.3) we see that a combination of these two terms gives the Ricci scalar. Hence, we can rewrite (2.11) as
where R is the Ricci scalar of the induced metric h. The term proportional to the Ricci scalar is topological in two dimensions and since we will be expanding around long heavy strings that do not fluctuate too much, the Ricci scalar term plays no role. The term proportional to α is zero by the equation of motion of the weight zero Lagrangian (2.10), hence, it is a redundant operator that should not be considered. 8 Incidentally, a specific combination of the terms in (2.11) is known as the "rigidity term" [53, 54] , which is also 7 We only discuss local terms here. Since our formalism includes also non-physical fields it is not obvious that this is sufficient, but the inclusion of only local terms yields a consistent physical picture. 8 More precisely, terms which are proportional to the exact equations of motion are redundant operators that can be ignored. In the context of our expansion by weight, this means that terms
proportional to the equations of motion of the lowest weight action (2.10) can always be replaced by terms with higher weight.
sometimes written (up to total derivatives) as
This term is interesting in the context of worldsheet actions which would be valid at all energy scales, since it is asymptotically free [53] . However, in the context of our low-energy effective action this term is trivial at weight two, for the reasons explained above.
We conclude that there are no non-trivial terms at weight two. This is a surprising and important conclusion. To appreciate its significance, let us contrast this situation with several other theories of Nambu-Goldstone bosons.
In pion physics there is the universal two-derivative Wess-Zumino Lagrangian (roughly speaking, analogous to the NG action (2.9)). This is followed at four derivatives by some nontrivial corrections that were classified in [55, 56] . The four-derivative terms introduce new coefficients that need to be measured before predictions can be made about the fourderivative order. Hence, pion physics is not completely predictive at the next to leading order before a dozen parameters are measured.
Let us now compare the situation we are finding here with the spontaneous breaking of conformal symmetry [57, 58] . There, again, one has a universal term analogous to (2.9), but there are no terms obeying the Weyl symmetry at the next to leading order. Hence, the situation seems much more close to what we are finding here. However, in that case there is an anomaly term of the Wess-Zumino-Witten type at the next to leading order (and once we turn off the background metric it is a perfectly good term to write in flat space, invariant under conformal symmetry). This again introduces a coefficient that depends on the model. In the case at hand we have found no such anomaly term. Hence, there is no new coefficient at the next to leading order.
At weight four there are several possible terms one could write, for instance, √ −hR 2 .
So at weight four and higher, non-trivial terms exist, and we expect the effective action to be non-universal.
As we will explain below, this universality (the absence of counter-terms) at the next to leading order has important observable consequences.
The Unitary Effective Action (Static Gauge)
We now repeat the discussion of the previous section in a manifestly unitary setting, where there is no gauge redundancy. This is a convenient framework for computations. In addition, the analysis leads to several useful new points of view on this peculiar theory.
A natural choice of coordinates on M, for a string stretched mostly in the X 1 direction, is such that they coincide with X 0 , X 1 in space-time. In other words, denoting the coordinates on M by σ = σ 1 , τ = σ 0 , we fix τ = X 0 and σ = X One way to obtain allowed Lagrangians for the physical fields,
is by substituting the gauge choice above in the Lagrangians of the previous section. Here we will not rely on the previous section, and we will re-discover the properties of such long strings by directly considering the action of the physical modes.
When we write the action using the physical variables, only the (a = 0, 1) is dimensionless. As in the discussion of the previous section, it is natural to classify the terms in the action not just by the number of derivatives, but also by their weight (which is defined to be the number of derivatives minus the number of X i fields).
The notion of weight is useful because, as we will see, the broken Lorentz generators do not preserve the number of derivatives, but they do preserve the weight. Translation invariance guarantees that all terms have non-negative weight, and the
symmetry guarantees that all terms have even "weight."
We begin by classifying all weight zero operators that can appear in the low-energy effective action that are consistent with the linearly realized ISO(1, 1) × SO(D − 2) symmetry. It will be convenient to use light-cone coordinates σ ± = σ 0 ±σ 1 . Lorentz invariance on the string worldsheet implies that the weight zero terms are polynomials in
(For the special case of D = 3, z = y 2 and all weight zero terms are therefore polynomials in y.) At second order in derivatives we just have the standard kinetic term
(whose normalization we choose in a convenient way, fixing the normalization of the X i ;
note that we use here a different normalization than in [34, 26] ). The subscripts of L denote the number of derivatives and the number of X fields, respectively. The weight is thus the difference between the values of the subscripts.
At fourth order in derivatives there are two possible terms, y 2 and z [34] . At sixth order there are again two possible terms (y 3 and yz) [26] , at eighth order three terms (y 4 , y 2 z and z 2 ), etc.
Terms of higher weight are a little more complicated to classify. Setting to zero terms
proportional to the equations of motion
3 ) = 0 (such terms can be eliminated by field redefinitions) and total derivatives, there are no such terms with four derivatives or with two X's, and there is a single weight 2 term with six derivatives, that may be written without loss of generality as
(this term is trivial for D = 3). At higher orders there is a large number of possible terms.
The lowest order terms of weight four involve eight derivatives, for instance (
We have not yet imposed consistency under the broken Lorentz generators. There are several different methods to implement this. Historically, this constraint was imposed by a very indirect method. This method, which was initially proposed in [34] and extended in [26] , is to compute the partition function of the effective action on an annulus or on a torus, to interpret this as a statistical mechanical sum over closed string states (wrapped around a circle of circumference L) propagating over an open or closed interval (interpreted as a Euclidean time direction), and to compare the result to the expected expression from a sum over strings with energies E n (L). Lorentz invariance is used (as noted in [62] )
to rotate the Euclidean time direction to the transverse dimensions when deriving this expected expression, and this leads to constraints on the effective action. It was shown in [34, 26] that up to six-derivative order these constraints uniquely fix the values of the coefficients of the weight zero terms, but do not determine the value of the coefficient of the weight two term c 4 . Extending this method to higher orders in the derivative expansion is possible but technically complicated.
One of the main motivations for this work is to emphasize that a much more straightforward way of imposing this symmetry exists. Consider, for example (without loss of generality), a Lorentz transformation which is a rotation in the X 1 − X 2 plane, δX 1 = ǫX 2 ,
One obvious change is the direct change in X 2 , specifically δ(X 2 ) = −ǫσ (recall that we chose the worldsheet coordinates to be σ = X 1 and τ = X 0 ). Additional changes arise because X 1 changes, which means that we need to change our definition of the σ coordinate to equal the new X 1 instead of the old X 1 . This is simply a diffeomorphism σ → σ + ǫX 2 . Taking both effects into account, 10 we find that under the M 12
Lorentz generator our fields transform as
The generalization to a general M bi (b = 0, 1, i = 2, · · · , D − 1) transformation is straightforward. We see that the transformation rule (3.5) is indeed nonlinear, as expected.
The effective action must be invariant under these transformations; since the transformation (3.5) leaves the weight of a given term invariant, we can analyze the possible invariant terms separately for each value of the weight. In our analysis, we are mostly interested just in the leading correction to the Nambu-Goto action, and we can use this to make several simplifications. First, we can drop any terms that are proportional to the Nambu-Goto equations of motion. Second, we can allow the transformation not to vanish but to be proportional to the Nambu-Goto equations of motion. This is because the effect of any term in the transformation that is proportional to the equations of motion is equivalent to the effect of a field redefinition, and we can always modify the Lorentz 10 It is very common that the implementation of some symmetries requires an accompanying gauge transformation. Here we needed a diffeomorphism transformation to accompany a boost in order for a boost to be a symmetry.
transformation law (at leading order) so as to cancel this field redefinition (note there is no guarantee that the classical transformation law (3.5) is exact).
The analysis of invariant terms is straightforward, so we just give the results here.
11
For the weight zero terms there is a unique invariant action [65, 27, 66, 63] , which is simply the Nambu-Goto action written in the static gauge,
The uniqueness of the answer at weight zero is of course in agreement with what we found in the coordinate-independent framework.
The constant term represents the tension of the string. The X i particles are approximately free fields. If we take the string to be of length L, then clearly the energy levels due to the interactions in (3.6) scale like The action (3.6) is not renormalizable. Therefore one cannot simply use it to compute the energy levels without understanding the possible higher derivative (higher weight) counter-terms. Equivalently, in order to compute the complete series in 1/L (1.1) one needs to first specify infinitely many counter-terms (though at any given order in 1/L, only a finite number of counter-terms contribute). Note that the situation is reminiscent of the energy expansion in pion physics (where there are infinitely many counter-terms beyond the two-derivative action, but to every order in the energy expansion there are just finitely many counter-terms, thereby rendering the theory useful). This is a favorable situation, because it means that the 1/L expansion is predictive. For example, there are infinitely many energy levels, and to any given order in 1/L the infinitely many energy levels are determined by finitely many coefficients.
Hence, to be able to say something useful about the theory, we must investigate the higher-weight corrections. At weight two, for D = 3 there are no non-trivial terms, and for 11 An elegant method to perform this analysis was recently suggested in [63, 64] .
D ≥ 4 there is no term that can be written whose variation under (3.5) vanishes exactly [32, 33, 63] . However, when D ≥ 4, it is possible to write down a unique weight two term that is invariant under (3.5) up to the equations of motion of the weight zero theory, and this is enough to guarantee the existence of a conserved charge associated with Lorentz transformations at linear order in this deformation. The derivative expansion of this term starts from the c 4 term (3.4). For this term to be invariant, one needs to add to (3.4) infinitely many other terms of weight two with more derivatives (and thus X fields), all of whose coefficients are fixed in terms of c 4 [32] .
It is important that the Lorentz variation of this weight-two chain does not vanish identically, but it is proportional to the equations of motion of the weight-zero theory.
Indeed, applying (3.5) on (3.4), one finds a term with three X fields, that vanishes only upon using X i = 0. This means that for the action to be invariant we must accompany the Lorentz transformation (3.5) by a specific field redefinition, modifying the naive Lorentz transformation. To leading order in c 4 the action is then invariant under this modified transformation.
However, c 4 is actually a forbidden counter-term in the action, for several reasons.
First of all, already at first order in c 4 we find that the algebra of Lorentz transformations is modified [33] , which we do not expect. Indeed, consider two consecutive Lorentz transformations. We get a nonzero contribution when the second transformation acts on the extra term coming from the field redefinition. More specifically, consider a Lorentz transformation M +i . At leading order in the derivative expansion, this changes the term
, which by integration by parts is equal to
This is proportional (again to leading order in the derivative expansion) to the equations of motion, so it can be canceled by an extra term in the Lorentz transformation, of the
Suppose we now consider acting first with M +i and then with M +j ; in the joint transformation on X k we get an extra term (from the standard Lorentz transformation (3.5) generated by M +j )
This term is not symmetric in (i, j), so it gives a non-zero contribution to the Lorentz commutator [M +i , M +j ] which is supposed to vanish for i = j. Thus, when we add the c 4 term to the action, the Lorentz algebra is modified (at linear order in c 4 and at second order in the derivative expansion). This suggests that the c 4 term should not appear in the effective theory of a string embedded in a Lorentz-invariant theory, since such a theory should have the usual Lorentz algebra.
The argument above is not completely convincing, since the string describes a field configuration that does not die off at infinity, so in principle it could modify the symmetry algebra. However, similar arguments imply that if we go to higher orders in c 4 the Lorentz symmetry will be broken (rather than deformed). The charge appearing in the leading- Thus, there are no admissible terms in the effective action at weight two. This is the static gauge realization of what we found in the previous section. Hence, the results are consistent.
The conclusion that there are no weight two terms that can be written in unitary gauge means that there are no ambiguities at this level. Hence, the quantization of (3.6),
as long as one is careful to preserve the full Lorentz symmetry, must give results that are trustworthy until the first order in the 1/L expansion that can be contaminated by some admissible weight-four terms. It is easy to see by dimensional analysis that weight-four terms cannot contribute before 1/L 7 . (This is because they start at the eight-derivative order.) To summarize: The results up to (and including) the order 1/L 5 are completely universal, and can be computed by quantizing (3.6) (being careful to preserve Lorentz).
The absence of counter-terms is a consequence of Lorentz invariance. In the quantum theory, it is sometimes convenient to introduce a regulator that breaks Lorentz invariance, and then one has to fix the answer by hand, by adding Lorentz non-invariant counter-terms such as (3.4) with a precise coefficient that tunes the breaking to zero [33] . 12 We illustrate this by specific computations in the appendix.
One method which has been suggested in [19] (following [67] ) for computing the energy levels is a naive light-cone quantization of (3.6). This gives the ubiquitous formula (1.2).
There is no rigorous derivation of this quantization method from the Nambu-Goto action, and it clearly breaks space-time Lorentz invariance, since there is an anomaly in the Lorentz algebra for general D = 26, as reviewed in many textbooks, e.g. [68] . Hence, the result (1.2)
should not be trusted. 13 For the special case of D = 26 there is a consistent fundamental string theory, and the result (1.2) can then be rigorously derived by quantizing the Polyakov action of this string. Thus, in this special case this equation is known to be valid (for a specific choice of all the allowed higher-weight counter-terms). In the special case of D = 3
there is also no Lorentz anomaly, so in this case the result (1.2) seems to follow from a formalism that is consistent with all the symmetries (even though it has no rigorous derivation), suggesting that it may also be correct (again, for a specific choice of all the allowed higher-weight counter-terms), even though here we do not know any interacting fundamental string theory with these energy levels. However, even if (1.2) is a consistent spectrum in 3d, there is no reason to believe that it is exact for specific 3d theories like the pure Yang-Mils theory or the 3d Ising model. This is because there is no reason for these theories to have precisely the choice of higher-weight counterterms leading to (1.2).
Indeed, a theory in which the spectrum (1.2) is exact would develop a tachyon precisely at
, while the theories in question develop tachyons at a slightly different radius (which can be interpreted as an inverse temperature).
As we will review below, computing the energy levels leads to answers coinciding
, but deviating at order 1/L 5 for excited states when D > 3. What we have learned so far is that this deviation at order 1/L 5 cannot be ambiguous or depend on model-dependent coefficients; it will arise from any Lorentz-invariant theory that admits a long string.
Energy levels of the effective string
Using the results above we can compute the energy levels of long effective strings, for instance when they are wrapped on a non-trivial circle of circumference L. As mentioned above, the leading term comes from the tension, going as T L, and the next term is the universal Lüscher term proportional to 1/L. Both of these terms come from the free part of the action (3.6). The interactions in (3.6) then give (even before adding extra terms to 13 An interesting proposal for a theory in D < 26 for which (1.2) is exact was considered in the recent reference [69] , but it is not related to the effective strings that we consider here.
the action) contributions to energy levels of order 1/L 2n+1 for all integers n. Additional allowed terms in the effective action give similar contributions, starting at order 1/L 7 .
A direct computation at order 1/L 3 , at which the four-derivative terms in (3.6) contribute linearly, showed that equation (1.2) is correct to this order [34, 26] . At order 1/L 5 one gets contributions from two insertions of these terms, which have not yet been computed. As we review below, the energy levels have been computed in a different formalism [70] , and these results suggest that at this order there should be a deviation from (1.2) which is non-vanishing (for excited states with D > 3) and proportional to (D − 26). It would be interesting to verify this by a direct computation in the unitary formalism [71] .
14 At order 1/L 5 , if one uses regularizations which require a c 4 term, then this term also contributes to the energy levels. This is the case in particular for the zeta function regularization that is often used to compute the energy levels; this regularization breaks Lorentz invariance, and it was shown in [33] that a specific value of c 4 was required in order for the Lorentz algebra to be satisfied. The contributions proportional to c 4 were computed explicitly in this regularization in [29] . Consistency requires that this regularization dependence exactly cancels with a regularization dependence in the computation of the contribution of the Nambu-Goto action to the energy levels at order 1/L 5 , so that the full energy levels are regularization-independent. It would be interesting to try to compute the energy levels using the Lorentz-preserving dimensional regularization, perhaps by relating them (along the lines of [69, 52] ) to the S-matrix in dimensional regularization.
Starting at order 1/L 7 , non-universal terms start contributing to the energy levels, and the leading contribution of these terms to the ground state energy was computed in [29] . The effective string formalism is, however, still useful, as it implies that all energy levels at order 1/L 7 can be expressed in terms of one or two unknown coefficients.
The Effective Action for Long Holographic Strings
As discussed in detail in [26] (see also [72, 73] ), one case in which we can explicitly compute the effective action on a long confining string is in gauge theories which are dual (by generalizations of the AdS/CFT correspondence [74, 75, 76] ) to weakly coupled and weakly curved string theory backgrounds. In such backgrounds the long string is simply a fundamental (super)string moving in a ten-dimensional background, whose worldsheet theory includes the X µ as well as (10 − D) additional scalar fields Y i , and also fermionic fields ψ. Several examples of such backgrounds are known (such as [77, 78, 79] ), and it turns out that at leading order in the curvature, in the static gauge, they all have the same action [26] , just with different values for the masses of the Y 's and ψ's. (We will discuss the action in another gauge in the next section.)
Naively one would expect all the additional scalars Y i to be massive, as the geometry localizes the string to a specific transverse position in these coordinates. However, in all known examples, some of the Y i are massive with some mass m, but some are massless and parameterize a p-sphere which has some flux on it, so that it does not shrink to zero in the IR region where the string lies. The additional scalars eventually develop a mass gap
(since the sigma model on S p has a mass gap), but the scale of this gap is exponentially small in the weakly curved limit, and it cannot be seen in the perturbative expansion in the curvature (the α ′ expansion in powers of 1/T ). One can, however, compute perturbatively the effective action for the X i together with the classically massless Y 's, and this action is good above the scale of the non-perturbative mass gap and below the scale of the other massive fields. The fermions do generically acquire a mass, unless the background preserves some supersymmetry, in which case some of them are massless Goldstinos (but we will not discuss this case here).
In [26] , the effective action for the classically massless fields was computed at one-loop order by integrating out the massive scalars and fermions. It was found that the (∂X) 4 and (∂X) 6 terms in the effective action precisely agree with Nambu-Goto (after taking into account the renormalization of the tension [80] ), as expected from the general arguments reviewed above. The ∂ 6 X 4 term (the term (3.4) in the static gauge formalism) can also be extracted from the on-shell correlation function of four X fields that was computed in [26] . On dimensional grounds one can show that at one-loop order in the perturbative expansion of the string worldsheet theory, this term carries no power of the mass, so it could either go as log(m) or be independent of the mass. In [26] it was shown that all the terms that depend logarithmically on the mass cancel, so that the coefficient of this term is independent of the mass, and thus depends only on the number of massive scalars and
fermions.
The precise coefficient of this term depends on the regularization. For example, in [26] it was computed with a momentum cutoff regularization. In this regularization, which breaks the space-time Lorentz symmetry, the contribution to c 4 from a massive scalar is 
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This result precisely agrees with the expected value in this regularization from pure field theory considerations, described in detail in the appendix. Moreover, it is not difficult to repeat the same computation in dimensional regularization, and in this regularization one finds a vanishing contribution to c 4 from this computation, as expected. So, this example gives us a consistency check on the general arguments of the previous sections and the appendix. In this framework it is not obvious that higher loop corrections going as powers of m 2 /T do not modify the value of the c 4 term in the low-energy effective action, but the arguments above guarantee that this cannot happen, since the c 4 term must precisely cancel any Lorentz violations of the massless fields, and these are independent of m (this also explains why the log(m) contributions to c 4 had to cancel in [26] ).
The Orthogonal Gauge and the Polchinski-Strominger Framework
A third formalism for the effective action on long strings was suggested by Polchinski and Strominger [44] . Their formalism is motivated by fixing the diffeomorphism symmetry on the worldsheet to the "orthogonal gauge," in which the induced metric on the worldsheet is proportional to the identity matrix, h ab = e φ η ab . 16 One way to write this gauge-fixing condition, using light-cone coordinates on the worldsheet, is h ++ = h −− = 0. In this gauge it is convenient to use dimensionless worldsheet coordinates, in which the length of the σ coordinate is 2π.
This gauge has several advantages compared to the static gauge discussed above.
It manifestly preserves the Lorentz symmetry in space-time. And, it preserves a larger subgroup of the diffeomorphism symmetry than the static gauge, which is a conformal symmetry of the form 16 One can always go to this gauge, at least locally, by diffeomorphisms; we will not discuss global issues here.
copies of the Virasoro algebra). Another advantage of this gauge is that the Nambu-Goto action becomes free in this gauge, since
The main disadvantages of this gauge are that the description in this gauge involves nonphysical degrees of freedom (the longitudinal X's and ghosts), and there are complicated constraints on physical states related to the leftover gauge freedom.
Quantizing the theory in this gauge has some similarities to the quantization of a fundamental string theory in the "conformal gauge"; in a fundamental string theory there is an independent worldsheet metric g ab , and an extra Weyl symmetry acting on g in addition to the diffeomorphism symmetries, and using all of these symmetries one can fix g ab = η ab , such that the Polyakov action However, the BRST operator that results from the gauge-fixing to the orthogonal gauge is naively quite different from the standard BRST operator of fundamental string theory.
Since the BRST operator associated with the orthogonal gauge is quite complicated, it is not clear how to quantize the effective string theory directly in the orthogonal gauge.
Polchinski and Strominger conjectured in [44] that perhaps one can simply assume the same quantization rules as in fundamental string theory, namely to impose Virasoro constraints on the physical states, requiring them to be annihilated by (the negative modes in the Laurent expansion of) the energy-momentum tensor. These constraints are selfconsistent if and only if the Virasoro central charge is c = 26.
At first sight this leads to a contradiction, since the Nambu-Goto action (5.1) in the orthogonal gauge leads to the Virasoro algebra with a central charge c = D. But it was suggested in [44] that a specific correction to the effective string action could cure this problem. Since the orthogonal gauge effective action is invariant under the conformal algebra the Lagrangian must have scaling dimension 2 (in units where X is dimensionless), so one cannot write down any other polynomials in ∂X in the action except for (5.1).
However, when expanding around a classical solution corresponding to the long string configuration,
(with e 2 + = e 2 − = 0 and e + · e − = −1/2), we can allow in the long string effective action also terms which have negative powers of
The suggestion of [44] is to add to (5.1) a term proportional to
Note that this is reminiscent of the term introduced by [81] to describe non-critical fundamental string theory. This term is conformally invariant under the standard conformal
show that this is the unique allowed term of weight two; some terms of higher weight were classified in [82] .
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The general action in the orthogonal gauge is thus S NG + βS β + (higher weight terms)
for some coefficient β. In the Polchinski-Strominger framework, this action must lead to a
Virasoro algebra with central charge c = 26. The conformal anomaly can be read off from the two-point function of the energy-momentum tensor T −− . The conformal anomaly of the effective string action depends only on β, and not on any higher weight terms; moreover, this dependence can only show up at linear order in β (these statements follow simply by counting powers of L). It is not difficult to compute the conformal anomaly at this leading order in β, as done in [44] . Taking the action S NG + βS β , T −− takes the form 4) and this corrects the conformal anomaly coming from the scalars to c X = D + 12β. Thus, the effective action is conformally invariant if and only if it contains the weight two term 17 Note that in [44] the weight two term (5.3) was written in a slightly different form (see also [82] ),
This differs from the form above by terms proportional to the leading order (Nambu-Goto) equation of motion of X µ , ∂ + ∂ − X µ = 0. This means that the actions S N G + βS β and S N G + βS ′ β lead to equivalent physics (up to order β 2 , or equivalently, up to higher weight operators), but the relation between them involves a redefinition of X µ . This field redefinition means in particular that for the action S N G + βS ′ β to be conformally invariant (even at leading order in β), X µ must transform in a more complicated way under conformal transformations (as found in [44] ).
We will work here with the simpler action S β , which is invariant under the standard conformal transformation. For any other value of β there is a conformal anomaly, so the constraints of the Polchinski-Strominger framework cannot be consistently imposed. 18 The fact that all terms up to weight two are uniquely determined agrees with what we found in other formalisms in the previous sections.
Since we do not know how to derive the Polchinski-Strominger framework directly by gauge-fixing a diffeomorphism-invariant action, we need to ask if this framework is equivalent to the frameworks discussed in the previous sections, and in particular to the static gauge effective action. One way to check this is by computing the S-matrix for the physical massless modes in this framework, and comparing it to the one in the static gauge (bearing in mind that the computation in static gauge should be done carefully, introducing c 4 to restore Lorentz invariance when needed). This comparison was done in [33] , and they found a precise agreement. Another comparison one can try to make is by computing the spectrum in the Polchinski-Strominger approach, and comparing it to the spectrum of the static gauge discussed above. Up to order 1/L 3 the static gauge spectrum is simply the naive light-cone gauge spectrum (1.2), and it was found in [44, 82] that the PS approach gives the same answer. The spectrum to order 1/L 5 in the PS formalism was computed in [70] , and was found to differ from the naive light-cone gauge spectrum (1.2) by a universal piece (for D > 3) proportional to (D − 26). It would be interesting to confirm this in the static gauge.
We will now prove the equivalence of the Polchinski-Strominger framework with the static gauge approach (at least for some UV completions of the universal terms) by using the long holographic strings discussed in the previous section. 19 We argued there that when we start with a fundamental string in a background dual to a confining gauge theory, and go to the static gauge, the low-energy effective action becomes precisely of the form discussed in section 3. But we can also take this fundamental string action (explicitly written in [26] ) and fix it (using diffeomorphism invariance and Weyl invariance) to the conformal gauge g ab = η ab . In this gauge its symmetries and constraints precisely agree with the ones suggested by Polchinski and Strominger. We can now integrate out the worldsheet 18 Note that β is proportional to (D−26). As we discuss in the appendix, in some regularizations the weight two term c 4 appearing in the static gauge is also proportional to (D − 26). However, generally there is no relation between these two terms. 19 Our argument here implies that these formalisms are always equivalent up to the order we discuss in this paper, and that they are equivalent to all orders at least in theories, like gauge theories, which have a dual string theory description.
scalars corresponding to the motion of the string in extra dimensions and the worldsheet fermions (they are massive when expanding around the long string solution), and this leads to higher weight terms in the action such as (5.3). Conformal invariance guarantees that the coefficient β comes out correctly; for the bosonic string this was explicitly verified in [83] , 20 and this can easily be generalized also to the superstring.
For these specific long strings we thus obtain the Polchinski-Strominger effective action (with their quantization rules) and the static gauge effective action from one and the same starting point, proving that the two are equivalent. It would be interesting to understand more directly how the orthogonal gauge gauge-fixing leads to the term (5.3) in the action and to the constraints suggested in [44] . 20 In this case some of the extra dimensional scalars are necessarily tachyonic, but this does not affect the result, and this problem does not arise for superstrings. As discussed in section 3, in regularizations which preserve Lorentz invariance, such as dimensional regularization, the c 4 term in the effective action must vanish. The discussion above then implies that in any Lorentz-invariant theory, in which the effective string is regularized by a two dimensional regularization of the continuum momentum integrals 23 , the c 4 term must take the value c 4 = (26 − D)/(192π) [27] . This is confirmed by the explicit computations described in section 4. Presumably, one can alternatively fix c 4 by requiring that the Lorentz currents (to the extent that these are well-defined in the static gauge) are exactly conserved. 22 The other non-trivial on-shell correlators are related to this one by crossing. Note that the correlator with i = j, which is the only one that can be computed for D = 3, is trivial at this order in the derivative expansion, since it is proportional to s 3 + t 3 + u 3 = 3stu which vanishes on-shell. 23 Note that this argument does not determine the c 4 term for regularizations like the zeta function regularization of the effective string compactified on a circle, that were used in [29] , since these regularize momentum sums rather than the continuous momentum integrals used above. This is consistent with the claim of [33] that in the zeta function regularization c 4 takes the value c 4 = −1/8π.
